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Abstract 

In the framework of ordinary-derivative approach, conformal gravity in space-time of dimen- 
sion six is studied. The field content, in addition to conformal graviton field, includes two aux- 
iliary rank-2 symmetric tensor fields, two Stueckelberg vector fields and one Stueckelberg scalar 
field. Gauge invariant Lagrangian with conventional kinetic terms and the corresponding gauge 
transformations are obtained. One of the rank-2 tensor fields and the scalar field have canonical 
conformal dimension. With respect to these fields, the Lagrangian contains, in addition to other 
terms, a cubic potential. Gauging away the Stueckelberg fields and excluding the auxiliary fields 
via equations of motion, the higher-derivative Lagrangian of Qd conformal gravity is obtained. The 
higher-derivative Lagrangian involves quadratic and cubic curvature terms. This higher-derivative 
Lagrangian coincides with the simplest Weyl invariant density discussed in the earlier literature. 
Generalization of de Bonder gauge conditions to Qd conformal fields is also obtained. 
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1 Introduction 



In view of their aesthetic features, conformal fields have attracted considerable interest for a long 
period of time (see Ref.ni l2l El)- In space-time of dimension d > A, conformal fields can be 
separated into two groups: fundamental fields and shadow fields. A field having Lorentz algebra 
spin s and conformal dimension A = s + d — 2 is referred to as fundamental field, while a field 
having Lorentz algebra spin s and dual conformal dimension A = 2 — s is referred to as shadow 
fielcQ. In this paper we deal only with shadow fields which will be referred to simply as conformal 
fields in what follows. 

The conformal fields are used, among other things, to discuss conformally invariant Lagrangians 
(see e.g. ffT] f2l |3l). With the exception of some particular cases, Lagrangian formulation of the 
conformal fields involve higher derivatives and non-conventional kinetic terms. We note also that 
the higher derivative terms hide propagating degrees of freedom (d.o.f) of conformal fields. In 
Refs.iSl [6|| we developed ordinary (not higher-) derivative, gauge invariant Lagrangian formula- 
tion for free conformal fields. That is to say that our Lagrangians for bosonic fields do not involve 
higher than second order terms in derivatives and have conventional kinetic terms. 

In this paper we discuss 6d conformal gravity using the framework of ordinary-derivative ap- 
proach developed in Ref.[|6l. The purpose of this paper is to develop an ordinary-derivative, gauge 
invariant, and Lagrangian formulation for interacting fields of 6d conformal gravit)]^. Our ap- 
proach to the interacting conformal 6d gravity can be summarized as follows. 

i) We introduce additional field degrees of freedom, i.e., we extend the space of fields enter- 
ing the standard 6c? conformal gravity. In addition to conformal graviton field, our field content 
involves two rank-2 symmetric tensor fields, two vector fields and one scalar field. All additional 
fields are supplemented by appropriate gauge symmetric^. We note that the vector fields and the 
scalar field turn out to be Stueckelberg fields, i.e. they are somewhat similar to the ones used in 
the gauge invariant approach to massive fields. 

ii) Our Lagrangian for interacting fields of the 6d conformal gravity does not contain higher 
than second order terms in derivatives. To second order in fields, two-derivative contributions to 
the Lagrangian take the form of the standard kinetic terms of the scalar, vector, and tensor fields. 
Two derivative contributions appear also in the interaction vertices. 

iii) Gauge transformations of fields 6d conformal gravity do not involve higher than first order 
terms in derivatives. Interacting independent one-derivative contributions to the gauge transforma- 
tions take the form of the standard gauge transformations of the vector and tensor fields. 

iv) The gauge symmetries of our Lagrangian make it possible to match our approach with the 
higher-derivative one, i.e., by an appropriate gauge fixing of the Stueckelberg fields and by solving 
some constraints we obtain the higher-derivative formulation of the 6d conformal gravity. This 
implies that our approach retain propagating d.o.f of the higher-derivative 6d conformal gravity 
theory, i.e., our approach is equivalent to the higher-derivative one, at least at classical level. 

As is well known, the Stueckelberg approach turned out to be successful for the study of theo- 
ries involving massive fields (see e.g. Ref.[91). In fact, all covariant formulations of string theories 
are realized by using Stueckelberg gauge symmetries. Therefore we expect that use of the Stueck- 

' Lorentz algebra label s is used for description of the totally symmetric fields. To discuss so called mixed- 
symmetry fields one needs to involve more labels of the Lorentz algebra. Discussion of conformal mixed-symmetry 
fields may be found in Refs. 121 ID . 

^ Ordinary-derivative approach to interacting Ad conformal gravity was discussed in Ref.fSI. 

^ To realize those additional gauge symmetries we adopt the approach of Refs.|i5J-L8J which turns out to be the 
most useful for our purposes. 
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elberg fields for the studying conformal fields might be useful for developing new interesting for- 
mulations of the 6d conformal theory. 

The rest of the paper is organized as follows. 

Sec. [2]is devoted to the discussion of free spin-2 conformal field in 6d flat space. In Sec. |2.1| we 
start with brief review of the higher-derivative formulation of free 6d conformal gravity. After this, 
in Sec. 12. 2[ we review ordinary-derivative formulation of free 6d conformal gravity. We discuss 
various representation for the gauge invariant Lagrangian. We review gauge symmetries of the 
Lagrangian and realization of global conformal algebra symmetries on the space of gauge fields. 

In Sec. [3]we describe the ordinary-derivative formulation of interacting theory of 6d conformal 
gravity. We discuss ordinary-derivative gauge invariant Lagrangian and its gauge symmetries. 

In Sec. m we show how the higher-derivative Lagrangian of interacting 6d conformal gravity 
is obtained from our ordinary-derivative Lagrangian. 

Section [5] suggests directions for future research. 

In Appendix A, we summarize our conventions and the notation. In Appendix B we present 
some details of the derivation of gauge invariant Lagrangian and the corresponding gauge trans- 
formations. 



2 Free spin-2 conformal field in 6d flat space 

To make contact with studies in earlier literature we start with presentation of the standard, i.e. 
higher-derivative, formulation for the spin-2 conformal field propagating in 6d flat space. In the 
literature, such field is often referred to as conformal Weyl graviton. 



2.1 Higher-derivative formulation of spin-2 conformal field 

To discuss higher-derivative and gauge invariant formulation of spin-2 conformal field one uses 
rank-2 the Lorentz algebra so(5, 1) tensor field 0"* having conformal dimension A^at = 0. The 
field 0"* is symmetric, (p""^ = 0^", and traceful 0"° ^ 0. Higher-derivative Lagrangian for the field 
(f)"-'' is given by 

£=iCitenCit^ (2.1) 

where C^^^ is the linearized Weyl tensor. Using representation of the Weyl tensor in terms of 
curvatures 

^abce ^ Jiabce _^^^acj^be _^bc-^ae ^^bej^ac _^aej^bc^ 

+ (2.2) 
and the Gauss-Bonnet relation 

^Hn '°A1n'' - 4i?nn°At + RvmORun = ( up to total dcrivatlvc) , (2.3) 

we obtain the representation for Lagrangian (|2.1I) in terms of linearized Ricci curvatures, 

3 

C = Rf^aRf^ - —Rfin , (2.4) 
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which is also useful for certain purposes. Using explicit representation of the Ricci curvatures in 
terms of the field 

= 1 [-0(1)^'' + d''d''(j)''^ + d^d^(j)''^ - a^^V) , (2.5) 

i?nn = 9'^(9V"'' - D^"" , (2.6) 
leads to other well known form of the Lagrangian 

£ = I0»^n3p«^'ce0ce^ (2.7) 

where we use the notation as in IfTI : 

1 1 d"'d'' 

Pabce t„ache i „aehc\ „ahce „ah ab /o o\ 

= — (vr vr + vr TT ) vr vr , n = r] . (^-o) 

2 5 □ 
Lagrangian (|2.1I) is invariant under linearized diffeomorphism and Weyl gauge transformations 

50"'' = 5"^'' + d^C + ^"''^ , (2.9) 

where and ^ are the respective diffeomorphism and Weyl gauge transformation parameters. 

We now discuss on-shell d.o.f of 6d conformal gravity. To this end we use fields transforming 
in irreps of so(4) algebra. One can prove that on-shell d.o.f are described by three rank-2 traceless 
symmetric tensor fields </)^-',, two vector fields (jfy, and one scalar field 0o: □ 

0i (2.10) 

00 

j = 1, . . . , 4 (for details see Appendix B in Ref.[^]). Total number of on-shell d.o.f shown in 
(12.101) is given by 

n = 36. (2.11) 
We note that this n is decomposed in a sum of d.o.f for fields given in 

n= ^ n(0^;)+ n(0l,) + n(0o) , (2.12) 

fc'=0,±2 k'=±l 

n{(l)%) = 9, fc' = 0,±2; (2.13) 

n(0iO=4, k' = ±l- (2.14) 

n(0o) = l. (2.15) 



^ Fields ( I2.IOI 1 are related to non-unitary representation of conformal algebra so(6, 2). Discussion of unitary 
representations of the conformal algebra that are relevant for elementary particles may be found e.g. in Refs. lTOl . llTTI . 

^ Total d.o.f given in ( 12.1 lb was found in Ref.|T|. Decomposition of n ( 12.12b into irreps of the so(4) algebra was 
carried out in Ref. [6J (see Appendix B in Ref. [6J). Light-cone gauge approach used in Ref. |6 1 provides easy possibility 
to decompose the total n into irreps of so(4) algebra. Discussion of other methods for counting propagating d.o.f of 
higher-derivative theories may be found in Refs. lfT2l[T3l . 
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2.2 Ordinary-derivative formulation of spin-2 conformal field 

We now review the ordinary-derivative formulation of the spin-2 conformal field in 6d flat space 
developed in Ref.[6J. In addition to results in Ref.[6], we discuss also two new representations 
for gauge invariant Lagrangian. One of the new representations turns out to be convenient for the 
generalization to theory of interacting spin-2 conformal field. Also we present our results for de 
Bonder like gauge conditions which have not been discussed in the earlier literature. 

Field content. To discuss ordinary-derivative and gauge invariant formulation of the spin-2 
conformal field in 6d flat space we use three rank-2 tensor fields 0^?, two vector fields 0^,, and one 
scalar field (po: 

r-2 K <i>f 
r-i 0? (2.16) 

00 

The fields 0^?, 0^, and 0o are the respective rank-2 tensor, vector, and scalar fields of the Lorentz 
algebra so(5, 1). Note that the tensor fields 0^? are symmetric, 0^? = 0^?, and traceful, 0^? ^ 0. 
Fields in (12.161) have the conformal dimensions 

A^ai = 2 + k' , k' = 0,±2, 

= 2 + k' , k' = ±1, (2.17) 

Gauge invariant Lagrangian. We discuss three representations for Lagrangian in turn. 
1st representation for the Lagrangian. This representation found in Ref.[.6J is given by 

C = i0f(i?^^0_2)'^^ + l0^''(i?^^0o)"'' + 0?(i?,,„^0_O'^ + ^</'on</'o 

+ ridV + <P-id'x2 - IxUt , (2.18) 
= 0S' - rto' - ^^rto , (2.19) 
= 0f -rtr, (2.20) 



u=^/5/2, (2.21) 
where i?^^ and -E'j,^^^ are the respective second-order Einstein-Hilbert and Maxwell operators, 

(E^^0)"^ = □0''^ - d^d^cf)^^ - d^d^ct)"^ + + v^^d^d^cf)"^ - □0'=") , (2.22) 

{E^,^jr = a^--d^d'^'. (2.23) 

Thus, we see that two-derivative contributions to Lagrangian (12.181) takes the form of standard 
second-order kinetic terms for the respective rank-2 tensor fields, vector fields and scalar field. 
Note also that besides the two-derivative contributions, the Lagrangian involves one-derivative 
contributions and derivative-independent mass-like contributions. 
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2nd representation for the Lagrangian. The second representation has not been discussed in 
the earlier literature. For the reader convenience, we discuss this representation because it allows 
us to introduce de Bonder like gauge conditions for Qd conformal gravit}@. This is to say that 
Lagrangian (12.181 ) can be represented as (up to total derivative) 

+ C^iCg" + ^QCi" + (2.24) 

where quantities C^,, Cy, which we refer to as conformal de Bonder divergences, are given by 

C\ = d'<j)% - ld^<P% + 0-1 , (2.25) 

Q = 9X-^5"0o' + (2.26) 
= ^Vf - (2.27) 

Co = d''r-i + lro'' + u<Po, (2.28) 

C2 = d''ri + l<PT- (2.29) 

We note that it is the conformal de Bonder divergencies that define de Bonder like gauge conditions 
for our conformal Qd fields, 

Cfc' = , k' =, —1, 1, 3 , 

conformal de Bonder gauge conditions. (2.30) 

Ck' = 0, k' = 0,2. 

The fields described by Lagrangian (2.24) are related to non-unitary representation of the con- 
formal algebra. Fields with k' = have kinetic terms with correct signs. The remaining fields with 
k' ^ can be collected into the vector and tensor doublets, (f)°ii, (pl and (f)'^2^ (pf'. We note then 
that vector (tensor) doublet describes one vector (tensor) field with wrong sign of kinetic term and 
one vector (tensor) field with correct sign of the kinetic term. 

3rd representation for the Lagrangian. Finally, we discuss representation for free Lagrangian 
(12.181) which turns to be most adapted for generalization to interacting Qd conformal gravity. This 
is to say that Lagrangian (12.181) can be represented as (up to total derivative) 



/: = 5^/:a, (2.31) 



a=l 



^ De Donder gauges turn out to be useful for study of various dynamical systems. Recent discussion of the standard 
de Donder-Feynman gauge for massless fields may be found in Refs. lfT4l [TSl [161 . Applications of modified de Donder 
gauges for massless and massive AdS fields f\n\ to studying the AdS/ CFT correspondence may found in Ref. lfTSll . 
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£i = Aif , (2-32) 

£2 = + ^^'^^r^'^o' + \CICI , (2.33) 

A = -\F''\(t>-,)F'^\(l>i) , (2.34) 

£4 = -^a>o9>o, (2.35) 

C, = rid\l\ (2.36) 

'^^6 = -^0fxo', (2.37) 

Aif = GTi'n + ^(^'^^-i + d'r-i) - v'^'d^ct^U , (2.38) 

Gt = <n(0-.) - Iv^'RrM-^) , (2.39) 

Ci"^9X-^5>o', (2.40) 

F^\(l)k') ^ d'^c^l - d'^k' , k' = ±l, (2.41) 

where Xq** is defined in (|2.19l) . The linearized Ricci curvatures for the field (p'^^ in (12.391) are 
obtained by substituting the field in the respective expressions (12.51) and (12.61) . Note that 
linearized Einstein tensor (^g^ (|2.39|) can be represented by using operator .E^^ (|2.22l) as 

G'ri'n = -^(^.H</'-.)"'- (2.42) 

Also, we note that shifted linearized Einstein tensor G"^ (12.381) can be expressed in terms of the 
corresponding shifted linearized Ricci curvatures 

Gt = Rt - Iv^'Rnn , (2.43) 
where the shifted linearized curvatures are defined by relations 

jDabce TDabce , ^ac,J)e ^bc^^ae , „be,^ac „ae,Jic aa\ 

R\m - R\in + V V^lin " V V^lin + V ^lin " V V^lin > (2.44) 

R^l^^^ = ^(-d''d'(P% + d^d'(l)Z - d^d'(l)Z + d''d'(l)%) , (2.45) 

= <n + 4^rin + ^''Vm , (2.46) 

^iin = i?iin + 10yPn;, (2.47) 

< = qcf4>\ , g = ^ , (2.48) 

^ab ^ ^cacb ^ R=R^^ , (2.49) 
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Gauge transformations. We now discuss gauge symmetries of Lagrangian (12.181) . To this end 
we introduce the gauge transformation parameters, 



ta ta ta 

S-3 S-i SI 

(2.50) 

U Co 



Conformal dimensions of the gauge transformation parameters are given by 

A.a=2 + k', A;' = -3, -1,1, 



(2.51) 



A^, = 2 + k' , k' = -2,0. 



The gauge transformation parameters and ^k' are the respective vector and scalar fields of the 
Lorentz algebra so(5, 1). The Lagrangian is invariant under the gauge transformations 





(2.52) 




(2.53) 




(2.54) 




(2.55) 




(2.56) 




(2.57) 



where u is given in (12.211) . 

Realization of conformal algebra symmetries. In 6d space-time, the conformal algebra 
so(6, 2) referred to the basis of Lorentz algebra so(5, 1) consists of translation generators P'^, con- 
formal boost generators K"-, dilatation generator D and generators of the Lorentz algebra so(5, 1) 
denoted by J"-''. We assume the following normalization for commutators of the conformal alge- 

[D, P°] = -P" , [P^ J*^] = 7]''''P' - ri^^P^ , 



(2.58) 



[r\ J-] = rf^r- + 3 terms . 



Let (j) denotes field propagating in the fiat space-time. Let Lagrangian for the free field cf) be confor- 
mal invariant. This implies, that Lagrangian is invariant with respect to transformation (invariance 
of the Lagrangian is assumed to be up to total derivative) 

= G(f) , (2.59) 



^ Note that in our approach only so(5, 1) symmetries are realized manifestly. The so(6, 2) symmetries could be 
realized manifestly by using ambient space approaches (see e.g. |fT9ll20ll2Tl ) 
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where a realization of the conformal algebra generators G in terms of differential operators acting 
on (j) takes the form 



P'' = d\ (2.60) 

jab ^ ^aQb _ ^bQa ^ ^ab ^ ("2.61) 

D = x^d" + A , (2.62) 

K'' = Kl^, + R\ (2.63) 

m = --x'^x^d'' + x^D + M^^x^ . (2.64) 



In (|2.61I) - (I2.63I) . A is operator of conformal dimension, M"^ is spin operator of the Lorentz algebra. 
Action of M°'^ on fields of the Lorentz algebra is well known and for rank-2 tensor, vector, and 
scalar fields considered in this paper is given by 

^afe^ce ^ ^ae^cb ^ ^ac^be _ (^^ ^ ^) ^ 

Af^V = - (a ^ 6) , (2.65) 
M'^V = . 

Relation (|2.63l) implies that conformal boost transformations can be presented as 

5p.a(j) = 6Kl ^j(t) + ^RaCj) . (2.66) 

Explicit representation for the action of operator K'^ (12.641) is easily obtained from the relations 
above-given. This is to say that the rank-2 tensor, vector, and scalar fields considered in this paper 
transform as 

= ^k^^l' + ^"'^^l' + ^""'^^l' ' k' = 0,±2, 

Ski^J' = )0t + M'^'fc^i , k' = ±l, (2.67) 

K1 = -]^x^x^d'' + x\xd + l^), (2.68) 

^abc ^ ^ab^c _ ^ac^b _ (2.69) 

Thus, all that remains is to find explicit representation for operator in (12.631 ). The operator 
depends on the derivative 9" and does not depend on the space-time coordinates [P'^, B!^] = 0. 
In the standard formulation of the conformal fields, the operator i?" is equal to zero, while in the 
ordinary-derivative approach, we discuss in this paper, the operator i?" is non-trivial. This implies 
that, in the framework of ordinary-derivative approach, the complete description of the conformal 
fields requires finding not only gauge invariant Lagrangian but also the operator R^. Realization 
of the operator i?" on a space of gauge fields (12.161 ) is given by 

6na<f)% = 0, (2.70) 
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5jia(j)l^ = -2(r7'*V-i + + V^'<P-i - ^d^cp^ , (2.71) 

= -4(r7"V^ + ^"'0?) + 2r7^"0i - 49''0^^ , (2.72) 
6jta<f)t,=ArJ'2, (2.73) 



5fl.0o = 2ur-i ■ (2.75) 

From (|2.70I) - (I2.75I) . we see the operator maps the gauge field with conformal dimension A into 
the ones having conformal dimension less than A. This is to say that the realization of the operator 
i?" given in (|2.70| )- (|2.75l) can schematically be represented asQ 

0f A0?©90g\ ^f^^<^_^^dr\, (2.76) 



Interrelation of the ordinary-derivative and the higher-derivative approaches. From (12.551) - 
(12.571) , we see that both vector fields 0"^, 0" and the scalar field 0o transforms as Stueckelberg 
(Goldstone) fields under the gauge transformations, i.e. these fields can be gauged away by using 
the gauge symmetries. Gauging away the vector fields and the scalar field, 

0^1 = 0, 00 = 0, (2.78) 

we see that our Lagrangian (12.311) takes the simplified form 

C = -0f Git - ^5'0o'^'^0o' + ^5'0r^'0o' + ICiCt - 1<P2V ■ (2.79) 

Now using equations of motion for the rank-2 tensor field 02^' obtained from Lagrangian (12.791) we 
find the equation 

< - v'^Vo = -2Gt , (2.80) 

which has the obvious solution 

0S''=-2i?it + ^^"'^iin, (2.81) 

where the linearized Ricci curvatures are obtained by substituting the field 0"^ (I2.5I ). (|2.6I ). Plug- 
ging solution 0g^ (|2.81l) into Lagrangian (12.791 ) we obtain the higher-derivative Lagrangian given 
in (|2.4I) . Thus we see that our ordinary-derivative approach is equivalent to the standard one and 
our field 0^2 is identified with excitation of the conformal graviton field 0"'' in Sec. 12. 1[ 



3 Interacting 6d conformal gravity 

We begin our discussion of interacting theory of 60? conformal gravity with the description of a field 
content. Field content of the interacting theory is simply obtained by promoting the Minkowski 

^ Realization of the operator on space of on-shell fields can be obtained by using group theoretical methods, 
while the realization of i?° on space of gauge fields requires the use of the gauge invariant approach. 
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space free fields (12.161) to the fields in curved space-time described by metric tensor field g^,^. As 
usually, this metric tensor field is considered to be conformal graviton field. As we have already 
said, the field 0^^2 describes excitation of the conformal graviton, i.e., in the interacting theory, the 
field is related to the metric tensor field g^,y. Also note that, instead of metric-like approach to 
conformal gravity, we prefer to use frame-like approach, i.e., we use vielbein field ej^, g^i^ = e^e" 
and fields carrying tangent-flat indices, (f)"", 0^*^, which are related to fields carrying base manifold 
indices 0^, (p^", by the standard relations 0" = 6^0^^, 0"'' = e^e^0'^'^ (for details of our notation 
see Appendix A). Also, following commonly used nomenclature, we use notation 6" in place of 
the field 0" To summarize, the field content we use to develop the ordinary-derivative approach 
to the interacting 6d conformal gravity is given b}|^ 

e» 0S^ 0f 

6" 0? (3.1) 

00 

For field having Weyl dimension A^, we define local Weyl transformations in the usual way, 

50 = A^a0, (3.2) 

where a is Weyl gauge transformation parameter. Using this convention, the Weyl dimensions of 
the fields are given b>cl 



A^. =-1, A;„, = 2 + fc', k' = 0,2, 

(3.3) 

A!f„ = 3, A 



"1 



00 



Gauge transformation of the compensator field involves gradient term (see below), but for con- 
stant a the field b"- transforms as in (13.21) with A|fa = 1. With this convention for the Weyl di- 
mension of the field 6", we note that conformal dimensions of fields not carrying base manifold 
indices, 0g^, (f)^', b°-, 0", 0o, (12.171) are equal to their Weyl dimensions (13.31) . 

We now discuss gauge invariant Lagrangian for interacting fields (|3.1I) . The Lagrangian we 
find is given by 

8 

C = J2^a, (3.4) 



a=l 



e 



e 



-i£i = -0f G^"'') , (3.5) 
4 o 2 

- ^^™''^0SVo'^ + Ir''Yo''< - ^^"VS'C + - \«)R , (3.6) 
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The symmetric and antisymmetric parts of the gauge field associated with the conformal boosts are related to the 
field (/>g^ and the field strength F°-^{b) (see ( 13.241 )) respectively. Also, we note that the parameter (see ( 13.291 )) is 
related to conformal boosts gauge transformation parameter 

In Ref.yj, conformal dimension is referred to as canonical dimension. 
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e-^A = -^-F'^^fe) ^■'''(^i) , (3.7) 

e-^A = -^I?>o2^>o, (3.8) 

e-^C^ = <P'iV\l\ (3.9) 

e-^C, = ~(^fxl\ (3.10) 
1 II 

e-^Cj = -(pfT"^ - -0oF"^F"* , (3.11) 
4 8 



V S3 
-0nVnVo 0^00 0n , 



(3.12) 



e = dete;^, (3.13) 

Q{ab) ^ Qab ^ ipa^fe ^ ^fe^a^, ^ l^a^fe _ n^^D^b" - , (3.14) 

2 4 8 

Qab ^ j^ab _\^ah^^ (3.15) 

Q = - ^^^>o\ (3-16) 

xS' = 0S'-^"VS'-w^"Vo, (3.17) 

j^afe ^ ^ac pbc _ \^ab pee pee ^ (3.18) 
F''^ = D%^-D%\ (3.19) 

where u is defined in (12.211) . Complete description of our notation may be found in Appendix A. 
Here we mention the most important notation. 

a) For rank-s field having Weyl dimension A^, covariant derivative V"^ is defined to be 

jya^bi...bs ^ jja^bi...bs ^ ^^qh'' (fy^^-^s ^ q=\, (3.20) 



D^^f- = e^"'d^<p'' + , u"'" = e^'^'u'; , (3.21) 

D"^'' = e^^^d^cj)^ + u'^^'cj)' , u^^' = e^^ul' , (3.22) 

-afec _ ^abe ^ ^(^ac^fe _ ^ab^e^ ^ (3_23) 





1 


? = 


4' 


•ab 




V ' 






H' 


^abe 


^^abe 



while is a covariant derivative with the standard Lorentz connection uj'^{e). 

12 



b) Field strength for vector field 0" is defined to be 

J^^^cf)) = Vcj)^ - PV" • (3.24) 
Note that for the compensator field 6° the field strength J^"^ becomes the standard one (13.191 ). 

jr«^>(5) = . (3.25) 

c) Curvature R"-^^^ is defined for the shifted connection wJJ^ as 

^m/' = - d^^t + ^r^? - ^r^? , (3.26) 

Ricci curvatures R are defined as R"^ = R'"'''\ R = R"'', where i?"^^" = e^^e'^^i?^^^" and 
R^,^""^ is curvature for the stand 
tensor is defined in a usual way 



R^u^^ is curvature for the standard Lorentz connection uj'^^(e). We note that the shifted Einstein 



Qab ^ ^ab _ 1 ^ab^ ^ ^ab ^ ^cacb ^ R = R^<^ , (3.28) 

A few remarks are in order. 

i) Contributions to interacting Lagrangian (13 .4h denoted by Ci, £3, £4, £5 are obtained by covari- 
antization of the fiat derivative, d"" V^, and the linearized Einstein tensor, G";^ — )■ G"'^, in the 
respective contributions £1, £3, £4, £5 to flat Lagrangian (|2.31l) . Note also that contribution £0 
(12.371) in the flat Lagrangian is promoted to the interacting Lagrangian without any changes (see 
(ITTOl) ). 

ii) Comparing £2 (13.61) that enters interacting Lagrangian (|3.4I) and the respective £2 (12.331) that 
enters flat Lagrangian (12.311) . we see that £2 in (|3.6I) involves the additional contributions of first 
order in the shifted curvatures and second order in the field 0q^. We note the £2 |;)"=o part of £2 (13.61) 
is obtained simply by expanding the Einstein-Hilbert Lagrangian yg_R(g) with g^^, = g^j, + (po^^^ 
as a power series in the field (fy^^^u and taking terms of the second order in the field (po^^p, where 

00, Ati^ = (^fiaeub'P'o'- So, we see that the tensor field looks like a excitation of the graviton field. 

iii) Interesting contribution which is absent in flat Lagrangian (|2.31l) and involved in interacting 
Lagrangian (|3.4I) is governed by the contribution denoted by £7 (|3.1 II) . From (|3.1 II) . we see that 
the tensor field is coupled to energy-momentum tensor of the compensator field b"-, i.e., we see 
that the tensor field again exhibits some properties of a excitation of the graviton field. 

iv) The remaining contribution which absents in the flat Lagrangian and enters the interacting 
Lagrangian is governed by the contribution denoted by £§ (|3.12l) . From (13.121) . we see that the 
tensor field </)g^ and the scalar field 00 lead to the appearance of a cubic potential. As is well known, 
massless fields in flat space, with exception of a scalar field, do not allow cubic vertices without 
derivatives (see e.g. Ref. [|22ll ). Also, we know that cubic vertices having derivative independent 
contributions are allowed for arbitrary spin massive fields in flat space (see e.g. [23]). Appearance 
of the derivative independent cubic potential for the tensor field (f)^'' implies that the tensor field 
exhibits some features of the massive field. Taking above-given discussion into account, we see 
that, on the one hand, the tensor field exhibits some features of excitation of the graviton field, 

1. e. massless spin-2 field, and, on the other hand, the field exhibits some features of massive 
field. 
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Gauge transformations. We now discuss gauge symmetries of Lagrangian (|3.4I) . Because we 
promote all gauge symmetries of free fields of 6d conformal gravity to the interacting fields we 
introduce the same amount of gauge transformation parameters as in the free theory (see (12.501 )). 

ta &a ta 

S-3 S-i SI 

(3.29) 

U Co 

We note that Weyl dimensions of gauge transformation parameters (13.291) are given by 

A^. =2 + fc', fc' = -3,-l,l, 



(3.30) 



A^^, = 2 + k', A;' = -2, , 



Note also that because we are using frame-like description we assume, as usually, the standard 
Lorentz gauge transformations of our fields in (13.11) . 

^.e;: = X^'e'^ , Sx^k' = + A^^0^f , k' = 0,2, 

(3.31) 

X<^b = — A^". We now discuss gauge transformations associated with gauge transformations param- 
eters (13.291 ) in turn. 

transformation (diffeomorphism transformations). In our approach, the gauge transfor- 
mation parameter which is responsible for diffeomorphism transformations is denoted by ^"3. The 
diffeomorphism transformations take the standard form 

Si.,e^, = Ude^, + etd,Cs, (3-32) 

S^^.^k' = Ud^k' , k' = 0,2, (3.33) 

5^_^b'' = Udb" , (3.34) 

S^.,ri=Udri, (3.35) 

^i_:,4>o = ^-3<90o , (3.36) 

Ud ^ e,d, , ea = e^^Ca • (3.37) 

gauge transformations. In our approach, gauge transformations associated with the pa- 
rameter ^"^-^ are simultaneously realized as the gradient gauge transformation of the spin-2 field 
and the Stueckelberg gauge transformation of the compensator b"-. The ^"^-^ gauge transformations 
receive interaction dependent corrections in the interacting theory. This is to say that the gauge 
transformations take the form 



^C,< = 0, (3.38) 



S.<p^' = V'^e, + 'D'Cr, (3.39) 



6^_^<Pt = C^_X + ^it, + - ^r/'^V^e. , (3.40) 
14 



<^C,&" = -Ci , (3.41) 

1 1 ?/ 

5c.</>i = - 2<^o'e^ - + 2 '^o^- ' (3.42) 

5^,00 = 0, (3.43) 

where the action of Lie derivative C^_^ on the field is defined to be 

= C^-D'K + + T^'i-Ao ■ (3.44) 

Comparing these gauge transformations with free theory gauge transformations given in (12.531) . 
(|2.54| ). (|2.56L we see that there are two types of interaction dependent contributions. The first 
ones given in (13.391) are obtained simply by the covariantization of the flat derivatives in free 
theory transformations, d"" — )■ V^, (see (12.531) ). The remaining contributions given in (13.401) . 
(13.421) are obtained in due course of building both the interacting gauge invariant Lagrangian and 
the corresponding gauge transformations. 

gauge transformations. In our approach, gauge transformations associated with the pa- 
rameter are simultaneously realized as the gradient gauge transformation of the spin-2 field 
and the Stueckelberg gauge transformation of the vector field 0". In the interacting theory, the 
gauge transformations take the form 

k,^l = ^. (3.45) 
5c,0o' = O, (3.46) 

5^^r2='^"i\ + T^'Ci. (3.47) 

5(:b'' = Q, (3.48) 

5€>? = -e?, (3.49) 

5^^00 = 0. (3.50) 

Comparing these gauge transformations with free theory gauge transformations given in (I2.54|) . 
(12.561) . we see that all that is required for the generalization of free theory E,i gauge transformations 
is to make covariantization of the gradient gauge transformation of the spin-2 field (p'f (see (12.541) 
and (13471) ) 

^ 2 gauge transformations (Weyl gauge transformations). In our approach, gauge transfor- 
mation parameter responsible for Weyl gauge transformations is denoted by ,^_2. To make contact 
with the commonly used notation we introduce the parameter a by the relation 

a = -ie-2. (3.51) 

Using Weyl dimensions of our fields (13.31) . we write down the standard Weyl gauge transformations 
for our fields 

k^A = -<^ (3.52) 

5^_^ct)t = {2 + k')ar^, k' = 0,2, (3.53) 
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6^_^b'' = Z}"^_2 + cxb'' , (3.54) 
5g_^0? = 3a0^ (3.55) 
5g_^0o = 2(T0o ■ (3.56) 

^0 gauge transformations. In our approach, gauge transformations associated with parameter 
^0 are simultaneously realized as the gradient gauge transformation for the spin-1 field 0" and 
the Stueckelberg transformation of the scalar field 0o- In the interacting theory, the gauge 
transformations take the form 

55o< = 0' (3-57) 
^So'/'o' = ^^'^'^0 , (3.58) 

S(,r2'' = -l<Po%, (3.59) 

5c„&'^ = 0, (3.60) 

S^Jl = V'^^o, (3.61) 

^^0^0 = -<o . (3.62) 

Comparing these gauge transformations with free theory gauge transformations given in (12.541) . 
(12.561) . we see that the generalization of free theory gauge transformations is arrived in two 
steps: i) by covariantization of the gradient gauge transformations of spin-1 field 0" (see (12.561) 
and (13.611) ): ii) by modification of the gauge transformation of field (see (12.541) and (13.591 )). 

Matching of linearized background gauge symmetries of interacting theory and global sym- 
metries of free theory. Let us recall the definition of linearized background gauge symmetries. 
Consider a gauge transformation for interacting field $, 

6(^ = Ga{^)C- (3.63) 

If $ is a solution to equations of motion, then gauge transformation that respects this solution is 
realized by using the gauge transformation parameters satisfying the equations 

GamC = 0. (3.64) 

Using the field expansion $ = $ + 0, the linearized background gauge transformations are then 
defined as 

S<P = d^G^{^)e<P, (3.65) 

where (9$ stands for a functional derivative. As is well known, the linearized background gauge 
transformations are interrelated with global symmetries of the corresponding flat theory. We now 
demonstrate this interrelation for the case of 6d conformal gravity. 

We note that solution to 6d conformal gravity equations of motions corresponding to the flat 
space background is given by 

e^ = ^^ 0S' = O, 0f = O, b'' = 0, 00 = 0. (3.66) 
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Collecting all gauge transformations 

S = 5^a^ + 5^a^ + (5ga + 5^_2 + ^(,0 + ^ X'^'' (3.67) 

and using notation $ for background fields in (13.661) . we now look for gauge transformations that 
respect solution given in (|3.66|) 

6^ = 0, (3.68) 

To discuss solution to equations in (13.681) we use the following notation. Solution to gauge trans- 
formation parameter ^ that corresponds to symmetry generator G will be denoted as In our case 
there are the following set of symmetry generators G = P"", J"**, D, K"^. We now write solutions 
to gauge transformation parameters corresponding to these symmetry generators. 
Poincare translations, 



Lorentz rotations, 

la.b „ _1 -„ lab „ lah 



(3.69) 



Dilatation, 



lit = , = , A--^" = 2ry»[^ry^ 



(3.70) 



(3.71) 



Conformal boosts. 



(3.72) 



We now note that the linearized background gauge symmetries with gauge transformation param- 
eters given in (13.691) . (13.701) . (13.711) . and (13.721) correspond to the respective Poincare translation, 
Lorentz, dilatation, and conformal boost symmetries of Qd conformal gravity in the flat space. To 
demonstrate this, we introduce fields of Qd conformal gravity in flat space background (13.681) . 

0^, 01, 00, (3.73) 

where cf)"^,^ appears in the small field expansion of the vielbein field e^, while 0"^ is identified with 
the compensator field in flat space background, 

el = 51 + , ^'^ = 0-1 • (3.74) 

Note that expansion for (13.741) implies that we use Lorentz gauge transformation (13.311) to get 
symmetric tensor field 0*^2- Now using gauge transformation parameters given in (13.691) . (13.701) . 
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(|3.71l) and general relation given in (|3.65l) we make sure that linearized background gauge symme- 
tries with gauge transformation parameters in (I3.69L (13.701 ) and (13.711) coincide precisely with the 
respective Poincare and dilatation symmetries of free 6d conformal theory discussed in Sec. 12. 2[ 
Matching of the conformal boost symmetries turn out to be more interesting. This is to say that 
the linearized background gauge symmetries with gauge transformation parameters given in (13.721) 
take the form given in (|2.66l) with the same K'^ transformations as in (12.671) and the following 
i?" transformations: 



6na(P'_^% = 0, (3.75) 

- Ad''(f)% + 2d^(l)''_^2 + '^d''(l)%, (3.76) 

Sj^acjyl'' = -4r7'^V^ - 4r7"'=0i + Sr/^'^^i - 4a>|;^ (3.77) 

6Ra<f)t, = 2rX. (3-78) 

5r.cI>\ = 2ro'-2v'''u<l)o-2F^\<P_,), (3.79) 

6r.(I)o = 0. (3.80) 

Comparing R"^ transformations in (I2.70I) - (I2.75I) and the ones in (I3.75l) - (|3.80l) . we notice some dif- 
ferences in R"^ transformations for the fields ^q^^, (p^^, (p\, and 0o. Explanation of these differences 
is obvious: global transformations of gauge fields are defined up to gauge transformations. Intro- 
ducing notation for the gauge transformation parameters 

CT^2<p%, ^r = 2r.,, (3.81) 

and using notation and 6jia for the respective i?" transformation in (|2.70l )- (|2.75l ) and (13.751) - 
(13.801) . we note that i?" transformations given in (|2.70D - (|2.75D and the ones in (|3.75I )- (I3.80I ) are 
related by the gauge transformations, 

Sr^4' = + d'CT + d^'.T + Iv'^r , (3-82) 

5/?«</''-i=0-i-eT, (3.83) 
SRa<P1 = 6^^^<p\ + d''^f , (3.84) 

SRa(j)o = - ^o""" ■ (3-85) 

Thus, we see that the conformal boost transformations also match. 

4 Higher-derivative Lagrangian of interacting 6d conformal 
gravity 

Our ordinary-derivative Lagrangian can be used for the derivation of the higher-derivative La- 
grangian of interacting 6d conformal gravity. The higher-derivative Lagrangian of interacting the- 
ory can be obtained by following the procedure we used for the derivation of the higher-derivative 
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Lagrangian of free 6d conformal gravity in Sec. (l2.2l) . We now to proceed to details of the deriva- 
tion. 

From gauge transformations (13.411) . (13.491) . (13.621) . we see that the vector fields 6", 0" and the 
scalar field (po transform as Stueckelberg fields and can therefore be gauged away by fixing the 
Stueckelberg gauge symmetries. Gauging away the vector fields and the scalar field, 

6" = 0, ri = 0, 00 = 0, (4.1) 

we see that our Lagrangian (13.41) takes the simplified form 

£ = £1 + £2 + A + A , (4.2) 

e-^Ci = -(PfG^^ , (4.3) 

4 8 2 

e-'C, = ~r2xt. (4.5) 

e~'c, = \rUo<Pi^ - ^KrUi' + ^(O' , (4.6) 

C^-^DX-^^>o^ (4.8) 

Xf ^ - ^'^VS'^ . (4.9) 

We note that the Lagrangian (|4.2I) depends on the rank-2 tensor field (j)'^ linearly (see expressions 
for £1 and C^). Using equations of motion for the field obtained from Lagrangian (14. 2|) we find 
the equation 

^S'' - = -2G'"\ (4.10) 

which has obvious solution 

1 

5 

Plugging solution (|4.1 II) into Lagrangian (|4.2I) we obtain the higher-derivative Lagrangian 

e-^C = R'^D'^R''^ - —RD^R - 2R'"^^' R"^ R^'' - R'^^R'^^R + —R^ . (4.12) 
10 25 

This higher-derivative Lagrangian should be invariant under Weyl gauge transformations 

K = -<- (4-13) 

We have checked directly that the Lagrangian is indeed invariant under Weyl gauge transformations 
(14.131) . Note that by using various identities for R^ terms (see e.g. Ref.[[24|). the Lagrangian can 
be expressed in terms of the Weyl tensor and Ricci curvatures. 



'"^ = -2R'''' + -r]''^R. (4.11) 
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Though there is a lot of literature on conformal gravity, we did not find discussion of the 
Lagrangian (14.121 ) in the earlier literature. We note however that all Weyl invariant densities for 6d 
conformal theory were presented in Ref. [|25l (see also Refs. [|26ll27ll2Sll'']) . Up to total derivative, 
in 6d conformal gravity theory, there are three Weyl invariant densities constructed out the Weyl 
tensor, Ricci curvatures, and covariant derivative. In Ref.[25J, the simplest combination of those 
three invariants, which involves R^^D'^R'^^ term, has been found (see Eq.(4.12) in Ref.[i25J). It 
turns out that it is this simplest invariant that coincides with our Lagrangian in (14120. 



As a side of remark we note that the remaining two Weyl invariant densities also can be lifted 
to our gauge-invariant approach, i.e., it is possible to build the invariants which respect all gauge 
symmetries of our approach. To this end we introduce the new curvature 

^'^b ^ I l^^ab ^ j^ajjb ^ jjbjja ^ ^qb^^ - qri''^^^ , (4.15) 

q = 1/4, and note that under ^_2, ^"i, and gauge transformations new curvature TZ"-^^^ (14. 141) 
transforms as 

= 2a7^"^"^ 5g_,7^"^"" = 0, %7^"^"" = o, (4.i6) 



S^^n"'"'^ = I {r]'"'7]''^ - T]''^!] )Co ■ (4. 17) 

From these relations, we see that the curvature TZ'^''^^ has Weyl dimension equal to 2 and this 
curvature is invariant under the ^^^^ and gauge transformations. Also we note that gauging away 
Stueckelberg fields (14.11) and using solution (|4.1 II) . the curvature Jl^^^^ becomes the standard Weyl 
tensor 

n~}abce\ _ /^abce /a i o\ 

\b'^=0,<l,f=^f — C- . i'^-loj 

We see however that the curvature 'R,"-'^''^ does not respect gauge symmetry (14.171) . General 
curvature that respects the gauge symmetry can be built as follows 

+ /i2(r/V-^V)^ + /^3(r/V-^V)0o, (4.19) 
where IZ""^ = W"-^^, IZ = 7^"" and coefficients hi, h2, satisfy the equation 

1 + lO/ii + 30/i2 - —h3 = , (4.20) 

q 

' ' Discussion of interesting methods for constructing Weyl invariant densities may be found in ll29l[30l . Classifica- 
tion of all the six-derivative Lagrangians in arbitrary dimensions such that the trace of the resulting field equations are 
at most of order 3 may be found in Ref.f3T|. Study of the effective 6d conformal gravity may be found in Ref.f32l. 

In ( 14.121 1. our signs in front of terms involving odd number of the Ricci tensors and Ricci scalars are opposite to the 
ones in Ref. ll25l . Perhaps these sign differences can be explained by the different conventions used for the definition 
of the Ricci tensor and Ricci scalar in our paper and in Ref. ll25l . Our curvature conventions are i_i^p — S^F^p — ■ • ■, 
Rfiiy — R pXi/i R — 
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and u is given in (12.211) . Equation (14.201) is simply obtained by requiring the curvature R"^^^ to 
be invariant under gauge transformations (I3.57I )- (I3.62|) . Thus curvature (14.191) has the desired 
properties 

6^_,R''''^^ = 2aR'''"'% 55_,R°''^" = 0, S^.W'''^^ = , 6i:,R'''"'^ = , (4.21) 

Using the curvature R''^'^^, we can construct the remaining two gauge invariant densities in a 
straightforward way. For instance, we can consider the invariants 

eR^'^RfXl ' ^K^%Ke ■ (4-22) 

In our gauge invariant approach, these invariants are counterparts of the well known Weyl invari- 
ants appearing in the standard approach to 6d conformal theory, 

^C:^C%Ci^ , eCffC%C^;, , (4.23) 

i.e. by using Stueckelberg gauge conditions (14.11) and pugging solution (14.111) into invariants (|4.22l) . 
we obtain the respective Weyl invariant densities given in (14.231) . 

Thus, the remaining two invariants (14.221) respect all gauge symmetries of our gauge invariant 
approach. The important difference of these two invariants as compared to our Lagrangian (13.41 ) 
is that these two invariants involve the higher-derivatives, while our Lagrangian involves only the 
ordinary derivatives At present time, we do not know representation of the invariants (14.221 ) 
in terms of the ordinary derivatives. It is not obvious that such representation can be constructed 
without adding new fields to our field content in (13.11) . 

We finish with remark that some special representatives of general curvature (14.191 ) might be 
interesting in various contexts. For instance, solution to equation (14.201 ) given by 

hi = --, h2 = —, h3 = 0, (4.24) 
^ 4 20 



leads to traceless tensor 



1 

1 



+ —i^q^^rf" -'q''^rf"')n, (4.25) 
20 

which can be considered as counterpart of the Weyl tensor in our approach. Another solution to 
equation (14.201) given by 

/ii = 0, /i2 = 0, /^3 = 7f, (4-26) 

leads to the curvature 

R^f-- = -R-^^^ + — ir^^^rf" - v''"v'"')h ■ (4.27) 
2u 

The curvature Rg^af has the following interesting property. If we introduce the corresponding 
Einstein tensor 

G^cal = R^l - ^^"^"Rscal , (4.28) 



In Ref.llSSl (see Sec. 8. 2), authors conjectured that two invariants given in (14.231 ) do not deform gauge algebra 
in the standard higher-derivative approach to conformal 6d gravity. The fact that our remaining two invariants (14.22b 
respect our Stueckelberg gauge symmetries seems to be in agreement with this conjecture. 
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where Rg^a,! = ^tcai' R-scai = R-scli' then it turns out that the Ci and Cq parts of the Lagrangian 
(13.41) can be collected as 

£i + £6 = -0fGS- (4.29) 

Because the field (j)2^ does not appear in the remaining contributions to Lagrangian (13. 4|) . equations 
of motion for this field can be represented as 

gS = . (4.30) 



5 Conclusions 

In this paper, we applied the ordinary-derivative approach, developed in Ref.|l6]|, to the study of 
6d interacting conformal gravity. The results presented here should have a number of interesting 
applications and generalizations. Let us comment on some of them. 

i) As we have already mentioned, the gauge symmetries of our Lagrangian make it possible to 
match our approach with the standard one, i.e., by an appropriate gauge fixing of the Stueckelberg 
fields and solving the constraints, we obtain the higher-derivative formulation of the 6d confor- 
mal gravity. This implies that, at least at the classical level, our 6d conformal gravity theory is 
equivalent to the standard one. In this respect it would be interesting to investigate quantum equiv- 
alence of our theory and the standard one. We note that our formulation provides new interesting 
possibilities for investigation of quantum behavior of conformal gravity. The first step in studying 
quantum behavior of conformal gravity is a computation of one-loop effective action. One pow- 
erful method of the computation of the one-loop effective action of Einstein gravity is based on 
the use of so called A2 algorithm n34l l35l l36ll (see also |l370)- In order to investigate quantum 
properties of fourth-derivative Ad Weyl gravity this algorithm was generalized to the so called A4- 
algorithm (see [39] and refs. there). We note, however, that since our approach does not involve 
higher-derivatives and formulated in terms of conventional kinetic terms we can use the standard 
A2 algorithm for the investigation of the one-loop effective action. 

ii) In addition to the local Weyl and diffeomorphism symmetries that enter the standard ap- 
proach to conformal gravity our approach involves gauge symmetries for two rank-2 tensor fields 
and some amount of Stueckelberg gauge symmetries. In other words, we deal with extended gauge 
algebra. In this respect, it would be interesting to analyze the general solution of the Wess-Zumino 
consistency condition for our gauge algebra along the lines in Ref. ll30l . 

iii) Results in this paper provide the complete ordinary-derivative description of interacting 6d 
conformal gravity. It would be interesting to apply these results to the study of supersymmetric 
conformal field theories ['40l-['445 in the framework of ordinary-derivative approach. The first step 
in this direction would be understanding of how the supersymmetries are realized in the framework 
of our approach. 

iv) BRST approach is one of powerful approaches to the analysis of various aspects of relativis- 
tic dynamics (see e.g. Refs. li45l - [|50ll ). This approach turned out to be successful for application 
to string theory. We believe therefore that use of this approach for the study of conformal fields 
might also be helpful for the better understanding of conformal gravity theory. 

v) In the last years, there were interesting developments in the studying mixed-symmetry fields 
[|5T|| - ||59l that are invariant with respect to anti-de Sitter or Minkowski space-time symmetries. It 
would be interesting to apply methods developed in Refs. ll5T1l - ||59l to the studying interacting 6d 

'"^ Generalization of methods in Refs. ll34l [35l [36l to quantum effective actions for brane induced gravity models 
may be found in Refs. ll38l . 
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conformal mixed-symmetry fieldo- There are other various interesting approaches in the literature 
which could be used to discuss the ordinary-derivative formulation of 6d conformal fields. This is 
to say that various recently developed interesting formulations in terms of unconstrained fields in 
flat space may be found e.g. in Refs. ll60l - [[63l . 
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Appendix A Notation 

Flat space-time notation. Our conventions are as follows. Coordinates in the flat space-time are 
denoted by while da stands for derivative with respect to s", da = d/dx"". Vector indices of 
the Lorentz algebra so(5, 1) take the values a,b,c,e = 0, 1, . . . , 5. To simplify our expressions 
we drop the flat metric r]ab in scalar products, i.e. we use X°-Y"- = rjabX'^Y^. We use operators 
constructed out of the coordinates and derivatives, 

□ = a"9", x9 = x''(9". (A.l) 

Curved space-time notation. We use space-time base manifold indices /i, z/, p, cr = 0, 1, . . . , 5 
and tangent-flat vectors indices of the so(5, 1) algebra a,b,c,e,f = 0, 1, ... , 5. Base manifold 
coordinates are denoted by x^, while denote the respective derivatives, 9^ = d/dx^. We use 
notation and cj^''(e) for the respective vielbein and the Lorentz connection. Contravariant tensor 
field carrying base manifold indices, is related to tensor field carrying the tangent-flat 

indices, 0'*! in a standard way - = e^^^ . . . e«s0/ii.../is Covariant derivative D^, acting on 
vector field 

D^r = d^r + i^t{e)<p\ (A.2) 

satisfies the standard commutator 

[D^,D,]0'^ = i?^/y- (A.3) 

Instead of D^, we prefer to use a covariant derivative with the flat indices D"^, 

Da = e^,D^, D'^ = r7"'A, (A.4) 

where is inverse of the vielbein, e^e^ = 5^. 

For field (p^ with Weyl dimension A^, covariant derivative defined in (13.201 ) satisfies the com- 
mutator 

[V, V^](t)^ = R^^^'cf)' + qA^F''\b)(l)'' , g = 1/4 , (A.5) 

where the shifted curvature and field strength F'^^ are defined in (13.261 ) and (13.191 ) respectively. 
Weyl gauge transformations defined in (|3.51| )- (I3.56I ) lead to the following transformation rules: 

Su'''"' = au"'"' + r]''^D^a - r^^^D^a , (A.6) 
^^abce ^ 2aR'^^^ , (A.7) 
SQ"'"' = au"'"' , (A. 8) 



Unfolded form of equations of motion for conformal mixed-symmetry fields is studied in Ref.f?]. Higher- 
derivative Lagrangian formulation of the mixed-symmetry conformal fields was recently developed in Ref.Q- 
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= (A^ + , (A.9) 

5F''^ = 2aF''\ (A. 10) 

^{pa^a^...as^ = (A^ + l)!)^"!-'^^ . (A.ll) 

These relations imply the following Weyl dimensions: 

A|„,, = 2, A^... = l, A^„. = 2, A^„.(^) = a; + 1 . (A.12) 
Bianchi identities for the shifted curvature and field strength (13.191 ). 

p/^afece ^ cycl.perms.(/a6) = , (A. 13) 

-D^pbc ^ cycl.perms. (a6c) = , (A. 14) 
can be obtained in a usual way. Using explicit relations for the curvatures and the Einstein tensor 

^ahce ^ j^abce ^ ^ac^be _ ^bc^ae ^ ^be^ac _ ^ae^bc ^ j 5^ 

^ab^^cacb^ ^ = ^aa^ ^^^^^ 

^ab ^ j^ab ^ 4^ab ^ ^ab^cc ^ ^j^ -^j-^ 

R = R + Wip''% (A.18) 

Qab _^ab _^^ab^^ (A. 19) 

<^^b ^ qjjay, ^ ^2^a^fe _ \q2^ab^2 ^ (^ 20) 

^''^ = qDb - 2q%'^ , g = 1/4 , (A.21) 
we obtain various useful identities 

^abce _ ^ceab ^ ^(^^ac pbe _ ^bcpae ^ ^be pac _ ^aepbc^ ^ ^j^ ^l) 

^ab _ ^ba ^ pab ^ (.^ 23) 

^c^abce ^ ^a^be _ ^b^ae ^ 24) 

+ qiV^F"^ - r^^^V^F""^ + rf^V^F"^) , (A.25) 

jyb^ba ^ Ipa^ ^ ^b pba ^ (^_27) 

jybQab ^ Q ^ v^G^"" = V^F^"" , v^G^"^^ = ]^V^F^'' . (A.28) 

Throughout this paper, symmetrization and antisymmetrization of the indices are normalized as 

{ah) = ^{ab + ha), [ah] = ^{ah — ha). 
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Appendix B Derivation of interacting gauge invariant 
Lagrangian 

In this Appendix we outline some details of the derivation of gauge invariant Lagrangian given in 
(13.41) and the corresponding gauge transformations. We divide our derivation in seven steps which 
we now discuss in turn. 

Step 1. We begin with the discussion of contribution to Lagrangian (13.41) denoted by Ci (13.51) . 
This contribution is simply obtained from the contribution to free theory theory Lagrangian (12.311) 
also denoted by Ci (|2.32l) in a straightforward way. Namely £i (|3.5I) is obtained from Ci (12.321) 
by requiring Ci (13.51) to be invariant under Weyl gauge transformations given in (|3.52I) - (I3.56I) . All 
that is required to respect those gauge transformations is to replace the linearized shifted Einstein 
tensor and curvatures given in (I2.43I) - (I2.49I) by the corresponding complete shifted Einstein tensor 
and curvatures given in (13.281 ) and (|A.17D . (|A.18I ). 

Step 2. We covariantize the flat gauge transformation of the field (j)'^ (|2.53l) by making 
replacement 5" — )■ V"-, while the ^"^^ gauge transformation of the field 6" (|2.55l) is not changed, 

5^_,ro='^"t, + 'D'C,. (B.l) 

k-.b"" = -C-i ■ (B.2) 

Also, making the covariantization d"" — t- V"" in contribution to flat Lagrangian denoted by C2 
(12.331) . we introduce 

e"i£2K = + + \ciC'l , (B.3) 

where the covariantized (7" is defined as in (13.161) . After this, we consider gauge variation of 
C2K under gauge transformations (|B.1I) . (|B.2I) . In the gauge variation, we find unwanted terms 
proportional to the shifted curvatures R^^^^, R"-'', R which cannot be cancelled by modification of 
gauge transformations of the field entering our field content (13.11) . Our observation is that those 
unwanted terms can be cancelled by adding to C2K the following contribution 

e-i£2. = -^^^'''^^SVS' + ^^'^VS^^? - ^^'^VS'C + (^C0o' - \roYo'')R- (B.4) 

This is to say that variation of £2 = + ^2r under gauge transformations (|B.1I) . (IB.2I) takes the 
form 

^(,-1^2 = ^4>f',£^_^^2 + h°^,i-iC,2 5 (B.5) 

'^0S^C-1^2 = 5^ab^^_^C2\Q + 5^ab^^_^C2\p , (B.6) 

+ 2qV''F''^i1^(j)l^ + qV''F''^i^_^(t)''^ , (B.8) 
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where Lie derivative C^_^(j)'^ entering variation (IB.7D is defined in (13.441) . From these relations, we 

see that the remaining terms involving the shifted curvatures are proportional to G""^ (|B.7I) . Such 
terms can easily be cancelled by modifying gauge transformation of the field (p^, 

SL<Pt = ■ (B-IO) 

Namely, it is easy to see that variation of £i (|3.5I) under gauge transformation of given in 
(IB. 101) cancels variation in (|B.7I) . 

Step 3. We now consider variation of contributions to the Lagrangian denoted by £3 (|3.7I) and 
£5 (13.91 ) under gauge transformations given in (IB.1I) . (IB.2I) . Using notation (J^a^ ^£3 and 56»,^_i£5 
for the respective variations of £3 and £5 under ^"^-^ gauge transformation of the field 6", and 
notation 6^ab^^_^C^ for variation of £5 under gauge transformation of the field (jy^^ we find 

e-^(5,.,^_,£3 + <5<^g.,^_,£5) = {riti + <P\Ci-lv''ViCi)G^\ (B.ll) 

1 ij 

e-'S,a^^_^C, = 0^(0^''^^^ + + 2^!i0o) . (B.12) 

From these relations, we see that variation proportional to G"'' (IB.l II) can be cancelled by modify- 
ing gauge transformation of the field 02*' 

s'Lr2 = riti + - ItYiCi ■ (b.i3) 

Namely, it is easy to see that variation of £1 (13.51 ) under gauge transformation of cpf' (IB. 131 ) cancels 
variation in (|B.l II) . Collecting results in (IB. 101) and (IB. 131) . we find complete gauge transfor- 
mation of the field (pf', 

5^_,0f = c^_^<p^' + riti + - ^r^^v^Ci • (B.14) 

Step 4. Using notation 5^ab^^_^CQ for variation of £5 under ^\ gauge transformation of field 
0f (IBJ41) . we find 

(^.jif .g-i-^e = ,5_i'C6|</,g6</,g'=,</,g''</,o + ^</,f,g_i'^6|0g''</,5,</,j0o ' (B.15) 

-^0S>^''I)e-i + |0o(e^^)0o' + «0SVo2^'^e'. , (B.16) 
1 

e-^5<^..,^_^£6Ug.^e,^„^„ ^ -01(0^'^^ + + • (B.17) 

Comparing (IB.12|) and (|B.17I) . we find the cancellation 

^b'',i-iC,^ + ^4,f,£,^i^<3\4,f'^i,<f,i^o = • (B.18) 
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We proceed to the next step of our procedure with noticing that variations that remain to be can- 
celled are given in (|B.8L(IB.9D . and (IB.16I ). 

Step 5. We now consider F"^ depending variation given in (IB.8I) . This variation can be can- 
celled by adding new contributions to Lagrangian and modifying gauge transformations of 
the field 0^ Note that, in flat conformal gravity, the field (f)^ is not transformed under gauge 
transformations (see (12.561) ). This is to say that, in interacting conformal gravity, we consider the 
following new contributions to Lagrangian and gauge transformation of the field 0^: 

e-^Cr = ciF''^F''^(t)f + caF^^F'^VS" + CsF^''F''^(j)o , (B.19) 

= Mot. + f2F^'t, + /30oe, + /4ce, , (B.20) 

where coefficients ci 2,3 and /i,2,3,4 remain to be determined. To this end we compute variations of 
£3 (13771) and £5 (IT91) under gauge transformation of the field (pl (IB. 201) . 

e-^5<^j,5.,£3 = f2V''F-'F'X-, + hV''F-'><PlX\ 

+ hV^F'^^e.Ao.+UV'^F'^'e.A''^^ (B.21) 

^0j,C_i£5 = (^cZ-j.^-iAIf + ^^j.g.iAl^g^^o , (B.22) 
e-H^a,^_,C,\F ^ hF^'e.A'I^clyor - f2F^T.,Vy'o - f2uF'^'t,Vyo, (B.23) 

+ /4 terms . (B.24) 
Also, computing variation of £7 (IB. 191) under gauge transformations (IB. II) . (IB. 21) , we find 

e-^5^_,Cr = -2c{D^F''^F^X-, + (2c2 - '^)F''Vi_, - 2ciF''T\i_,)(t)''^ 
+ Ac2V''F''^i\(P''^ + 4c2F"^e!ir'"C 

+ 4c3p"F'^'e'i0o + 4c3F'^''e'i^^"0o • (B.25) 
Requiring the F"-'^ depending terms to cancel gives the equations 

^</.g^5_l + (^^j.e^iA + (^(/.j ,5- 1-^5 If + = , (B.26) 

which allow us to fix all coefficients in (IB. 191) . (IB. 201) . 

Cl = -^, ^2 = -^, C3 = -^, /l = -^, /2 = -^, /3 = |' /4 = 0. (B.27) 

Using (IB. 271) . we note the relation fiu + fs = 0, which allows us to represent (IB. 241) as (up to total 
derivative) 
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- f.^oC-D^^o+lMll^Li- (B.28) 

Step 6. Variations that remain to be cancelled are given in (|B.9I) . (IB.16I) . (IB.28I) . All these 
variations involve terms of the second order in the fields and 0o- Note that the variation of £4 
(13.81) under ^''^ gauge transformation also gives terms of the second order in the field 0o> 

e-'S^_,C, = -\<PlVX\ . (B.29) 

We note that variations (|B.9L(IB.16I ). (|B.28I ) and (IB.29I) can be cancelled by adding new contribu- 
tions to Lagrangian without any additional modification of gauge transformations of the fields. 
This is to say that we consider the following new contributions to Lagrangian: 

+ P40SVoVo+P5C</>O+P60;^+P7(C)'</>O. (B.30) 

Computing 

+ 4p4</'SVo2^"^^ + 2p50o^^e-i + 4pvC</'oI^e-i , (B.31) 

and requiring 



we get 



1 5 1 M 3 



Thus we see that, with exception of the coefficient pq, all the remaining coefficients entering cubic 
potential (IB. 301) are fixed by gauge symmetries. Note also that all variations of the Lagrangian 
C, which are proportional to the gauge transformation parameter have been cancelled. 

Step 7. The coefficient p^ is fixed by considering ^0 gauge transformations. With exception of 
the field cf)'^, ^0 gauge transformations given in (|3.57| )- (|3.62| ) are obtained by covariantization of the 
corresponding gauge transformations of free fields. Using gauge transformations in (I3.57I) - (I3.62I) 
we check the relations 

% {C2K + £4 + -Cs) = , 5^, (£3 + £7) = , (B.34) 

where we use the decomposition £2 = £2^ + £2^ (see (|44l) . (IB.3l) . (|B.4l) ). We note that £2^ (|B.4I) 
is not invariant under ^0 gauge transformation 

e-\,C2n = -\KG''''io. (B.35) 

It is easy to see that this gauge variation can be cancelled by modifying ^0 gauge transformation of 
the field <pf, 

5'io^t = -\Kio. (B.36) 
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We now consider the remaining gauge variations to be cancelled 

e-'6^,Cs = -\<P^'ro% + 1^0"^% + l^PTMo - 3(^ + m)0oeo , (B.37) 

1 1 ?y 

e-'6'^^C,= -<p-Yo%-^<PT<Pl%-^ro''Mo. (B.38) 

Requiring S'^^Cq + d^^Cg = 0, we getpG = 

Thus, with exception of gauge transformations, we have checked gauge invariance of our 
Lagrangian with respect to all gauge transformations. The gauge transformations of interacting 
theory (|3.45I )- (I3.50I ) are simply obtained by covariantization, 9" — t- V^, of the ones of flat theory 
(|2.52| )- (|2.57| ). Doing so, we note that only the contributions to Lagrangian denoted by £1, £3, £5, 
Cq are changed under gauge transformations. Using the easily derived relations 

% (£1 + £3) = , % (£5 + £6) = , (B.39) 

we see that Lagrangian (13.41 ) is invariant under the gauge symmetries. This finishes our proce- 
dure of building the gauge invariant Lagrangian and the corresponding gauge transformations. 
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